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Abstract

Ab initio relativistic calculations have been carried out to search for minima in the angle and energy differential cross sections
for the elastic scattering of electrons from zinc. Our theoretical approach is based on the Dirac–Fock method including the
exchange interaction between the incident and the target electrons. The polarization of the target has been taken into account
by ab initio potential from relativistic polarized orbital calculations. The positions of the calculated minima in the differential
cross sections agree well with very recent measurements by Predojević et al. 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Very recent measurements of Predojević et al. [1]
provide an excellent data base to test different theo-
retical methods in their capability to predict the be-
havior and minima in the differential cross sections
for the elastic scattering of electrons from Zn atoms.
These cross sections have been analyzed in the energy
range from 10 to 40 eV. There are also a number of
earlier measurements of such cross sections, includ-
ing the data by Williams and Bozinis [2], and Trajmar
and Williams [3], or even very early measurements by
Childs and Massey [4].
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Several computations have been performed during
the past years to study the elastic scattering from
zinc theoretically. Recently, for example, McGarrah
et al. [5] obtained the phase shifts for the scattered
electrons by solving reduced radial wave equations,
based on an static optical potential and including both
polarization and exchange terms. A few years later
Kumar et al. [6] employed a relativistic approximation
which was build on the Dirac equation with some real
and complex optical potentials.

In this Letter, we apply a relativistic Dirac–Fock
method to study the angle and energy differential cross
sections for the scattering of low and medium energy
electrons from atomic zinc. By utilizing a previously
developed Dirac–Fock approach [7,8], we are able to
provide a full relativistic treatment of the elastic scat-
tering at energies of several ten eV. Comparison is
made with the recent experiments and previous com-
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putations. Here, we limit ourselves to the experimental
energy range of the experiment of Predojević et al. [1].

Minima in the cross sections are found in two di-
mensions with respect to the electron energy and the
angle of scattering. By looking at the minimum po-
sition as a function of scattering angle and scattering
energy we can introduce so-calledcritical minimum
for which the cross section has its minimum in the
plane of scattering angle and projectile energy. The de-
finition of critical minimum is attractive from an ex-
perimental point of view since it allows to focus fur-
ther experimental effort on certain local areas. In the
past, in contrast, comparison between measurements
and theory was made for the angular dependence of the
cross sections, taken at few selected energies. The pre-
cise measurement of the minimum position is difficult
since it requires a very good angular and energetic res-
olution. Here we note that the accurate measurement
of the depth of thecritical minimum is virtually im-
possible difficult due to the inherit finite resolution of
an experimental apparatus.

The use and importance of thecritical minima for
any detailed analysis of the cross sections has been
pointed out before by Bühring [9], Kessler et al. [10],
Lucas [11], Khare and Raj [12].

The position of the minima depends very sensi-
tively also on the theoretical method which is used for
description. Often, a proper treatment of the exchange
potential of the incident electron with the bound-state
density and a rather careful choice of the target polar-
ization potential is required. A precise knowledge of
thecritical minima is also important to the region with
the highest degree of spin polarization of the scattered
electrons (e.g., [13]). Our relativistic approach here al-
lows both to compute the minima of the angle and en-
ergy differential cross sections as well as the degree of
spin polarization.

2. Theoretical method

To obtain the wave function for the scattered
electron with a given symmetryκ and energyE we
solve the radial Dirac–Fock equation [14] which can
be written in atomic units as
(
d

dr
+ κ

r

)
Pκ(r) = {

2/α + α
[
E − Vfc(r)− Vp(r)

]}

×Qκ(r)+XQ(r),(
d

dr
− κ

r

)
Qκ(r)= −α[

E − Vfc(r)− Vp(r)
]
Pκ(r)

(1)−XP (r),

wherePκ andQκ are radial parts of thelarge and
small components of the Dirac wave function andκ =
±(j+1/2) for l = j ±1/2 comprises the total angular
momentumj and parity(−1)l , α is the fine structure
constant. In addition,Vfc is the relativistic frozen-
core potential,Vp is the polarization potential; the two
termsXP and XQ describe the exchange potential
between the incident electron and bound electrons at
the target.

Both the exchange terms and the frozen-core poten-
tial Vfc are calculated from first principles by using the
one-electron orbitals as obtained by the multiconfigu-
ration Dirac–Fock (MCDF) program of Desclaux [15]
with some modifications [16]. These terms are defined
as

Vfc = −Z

r
+

∑
j,k

ak(s, j)Y k(j, j ; r),

crXP (orQ) =
∑
j,k

bk(s, j)Y k(s, j ; r)Pj (orQj),

where indexs refers to the scattered electron,Z is the
nuclear charge and the sums are over electrons of the
target atom. The radial functionY k and the angular
coefficientsak andbk are given by Grant [14].

The polarization potentialVp can be derived in per-
turbation theory as a second-order correction to the
frozen-core approximation. In our present approach,
it includes the dipole static term and is taken in a
numerical form from the ab initio calculations of
Szmytkowski [17] which were done with the relativis-
tic version of the polarized orbital method.

From the solutions of the Dirac–Fock equations
above, we obtain the phase shiftsδ±

l by comparison
with the analytical form at larger,

(2)Pκ(r)/r = jl(kr)cosδ±
l − nl(kr)sinδ±

l ,

where k is the momentum of the incident electron,
jl(kr) andnl(kr) are the spherical Bessel and Neu-
mann functions, respectively. Here,δ+

l is the phase
shift calculated forκ = −l − 1 in Eqs. (1) andδ−

l that
for κ = l. In the case of a relativistic scattering prob-
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lem we have two scattering amplitudes: the direct one,

f (θ)= 1

2ik

∑
l

{
(l + 1)

[
exp

(
2iδ+

l

) − 1
]

(3)+ l
[
exp

(
2iδ−

l

) − 1
]}
Pl(cosθ),

and the spin-flip one,

(4)

g(θ)= 1

2ik

∑
l

[
exp

(
2iδ−

l

) − exp
(
2iδ+

l

)]
P 1
l (cosθ).

In Eqs. (3) and (4),θ is the scattering angle, while
Pl(cosθ) andP 1

l (cosθ) are the Legendre polynomi-
als and the Legendre associated functions, respec-
tively. With these two scattering amplitudes, differen-
tial cross section for elastic scattering is defined by

(5)σdiff (θ)= ∣∣f (θ)∣∣2 + ∣∣g(θ)∣∣2,
while the spin polarization cross section is given by

(6)S(θ)= i[f (θ)g∗(θ)− f ∗(θ)g(θ)]
σdiff (θ)

.

3. Results and discussion

We calculate phase shifts for elastic scattering of
electrons from zinc in the energy range of 10–40 eV
to cover all energies used in work of Predojević et
al. [1], who measured differential cross sections for
elastic scattering at 10, 15, 20, 25 and 40 eV. The scat-
tering angleϑ varied from 20 to 150◦. In their ex-
periment they used a crossed beam technique where
a monoenergetic electronic beam crosses perpendicu-
larly an atomic beam. Both energy and angular res-
olutions, which were, respectively, 0.1 eV and 1.5◦,
assured accurate measurements of minima positions.

The position of thecritical minimum with depth
of around 0.007× 10−20 m2/sr had been determined
before in preliminary computations [16] at an electron
energy of 26.0 eV and a scattering angle of 116◦.
These data agree well with the experimental values [1]
which are equal to 25.0 eV and 105◦, respectively.

Fig. 1 shows a three-dimensional plot of the calcu-
lated differential cross section. Two characteristic fea-
tures of this landscape are the minima which are sit-
uated at small and large angles. For large angles, in
fact, the minimum splits into two branches at thecrit-
ical minimum.

Fig. 1. Three-dimensional plot of the differential cross section for
elastic electron scattering from zinc.

Fig. 2. Contour plot of the present differential cross section for
elastic electron scattering from zinc.• indicate positions of experi-
mental minima by Predojević et al. [1].

A contour map of our theoretical cross sections
with the experimental points of Predojević et al. is dis-
played in Fig. 2. As one can notice the five experimen-
tal points indicating the the minima position are placed
exactly along the small angle valley. Two other points
at larger angles do not fit exactly into theoretical val-
ley, but the two points at the top of figure confirm our
results showing the split of the large angle valley into
two branches.

A more detailed comparison with the experiments
by Predojevíc et al. [1] and Childs and Massey [4] is
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Fig. 3. Positions of differential cross section minima in elastic elec-
tron scattering from zinc. Theory: (—) present Letter; (- - -) McGar-
rah et al. [5]. Experiment:(•) Predojevíc et al. [1]; (×) Williams
and Bozinis [2];(+) Childs and Massey [4].

Fig. 4. Three-dimensional plot of the spin polarization cross section
for elastic electron scattering from zinc.

made in Fig. 3 where we also draw the positions of
small angle minima coming from the theoretical work
of McGarrah et al. [5].

For small angles, our results cross the experimental
data point of Childs and Massey [4] at 10 eV and come
very closely to the data point of Predojević et al. at
20 eV. Overall, this yields a much better agreement
with experiment than it was obtained by McGarrah et
al. before.

Fig. 5. Contour plot of the spin polarization cross section for elastic
electron scattering from zinc.

At 40 eV, we find a slightly larger spread of the
cross sections along the two valleys than in experiment
by Predojevíc et al.

In Figs. 4 and 5, we also present the cross sec-
tions for the spin polarization in a three-dimensional
plot and contour map, respectively. As seen from these
figures, the highest degree of the spin polarization
agree very well with the minima in differential cross
sections. This has been explained before by the rel-
ative weakness of the spin–orbit interaction in atoms
(e.g., [13]), which is responsible for spin polarization
of scattered electronic beam. In the case of zinc the
highest achieved degree of spin polarization is 15%
and occurs in the vicinity of thecritical minimum
(Fig. 5).

4. Conclusion

The angle and the energy differential cross sections
have been calculated for the elastic scattering from
zinc. In particular for the cross section minima, very
good agreement is found when compared with the very
recent experimental data of Predojević et al. and quite
old measurements of Childs and Massey.

In addition, we present the spin polarization as
function of the energy and scattering angle which con-
firms the earlier prediction that the highest degree of
polarization occur near the minima of the differential
cross sections.
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We conclude that our fully relativistic and ab ini-
tio method, which accounts for target polarization and
exchange effects, gives proper description of minima
positions in differential cross section for elastic scat-
tering of electrons from atomic zinc.
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